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2 Preliminaries
2.1. $X$ $\mathcal{X}$ $2^{X}$ $(X, \mathcal{X})$
$f$ : $Xarrow \mathbb{R}^{+}$ $\mathcal{X}$ - $\{x|f(x)\geq a\}\in \mathcal{X}$
2.2. [6] 2 $\mathcal{X}$ $f$ $g$ (comonotonic)
$x,$ $y\in X$ $f(x)<f(y)\Rightarrow g(x)\leq g(y)$
2.3. [24] $(X, \mathcal{X})$
$\mu$ : $\mathcal{X}arrow \mathbb{R}^{+}$ $(X, \mathcal{X})$ $\mu$
(1) $\mu(\emptyset)=0,$ $\mu(X)=k$ $k\in(0, \infty]$
(2) $A\subset B,$ $A,$ $B\in \mathcal{X}$ $\mu(A)\leq\mu(B)$






2.4. [4, 13, $24J(X, \mathcal{X}, \mu)$ $f$ $\mathcal{X}$- $\mu f(r)=$
$\mu(\{x|f(x)\geq r\})$ $f$ $\mu$
$(S) \int fd\mu:=\sup_{r\in[0,k]}[r\wedge\mu f(r)]$
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2.5. [6] 2 $\mathcal{X}$ $f$ $g$ (comonotonic)
$x,$ $y\in X$ $f(x)<f(y)\Rightarrow g(x)\leq g(y)$
$f,$ $g$ $a,$ $b\in[O, 1]$ $\{x|f(x)\geq a\}\subset\{x|g(x)\geq b\}$
$\{x|f(x)\geq a\}\supset\{x|g(x)\geq b\}$
$(f \oplus g)(x):=\sum_{i=1}^{n}a_{i}1_{A_{i}}$
$a_{i}\geq 0A_{1}\supset A_{2}\supset\ldots A_{n},A_{i}\in \mathcal{X}$
2.6. $(X, \mathcal{X}, m)$ $f,$ $g$
$(S) \int(f\vee g)dm=(S)\int fdm\vee(S)\int gdm$
maxitivity
3
Roman-Flores [18, 19, 20, 8]
Mesiar,Ouyang[l, 2, 12, 14, 15, 16, 17]
$(X, \mathcal{X}, \mu)$ $f$ $\mathcal{X}$- $A\in \mathcal{X}$
$F_{r}(f)=\{x|f(x)>r\}F_{\overline{r}}(f)=\{x|f(x)\geq r\}$
[24] $k=1$ , $\mu(X)=1,$








3.1. $(S_{\infty}) \int fd\mu=p$




3.2. $\mu:\mathcal{X}arrow[0,1|,$ $0<c\leq 1,$ $f:Xarrow[O, \infty)$
$\mu(x\in A|f(x)\geq c)\leq\frac{1}{c^{2}}(S_{\infty})\int_{A}f^{2}d\mu.$





3.3. $\mu$ : $\mathcal{X}arrow[0,1],$ $0<c\leq 1,$ $f,$ $g:Xarrow[O, \infty)$ comonotonic




(1) $\mu$ : $\mathcal{X}arrow[0,$ $\infty|,$ $0<c,$ $f$ : $Xarrow[0, \infty)$
$c \wedge\mu(x\in A|f(x)\geq c)\leq(S_{\infty})\int_{A}fd\mu.$
(2) $\mu$ : $\mathcal{X}arrow[0,1],$ $0<c\leq 1,$ $f$ : $Xarrow[O, \infty)$
$\mu(x\in A|f(x)\geq c)\leq\frac{1}{c}(S_{\infty})\int_{A}fd\mu.$
Roman-Flores [18] $X=R^{n},$ $\mathcal{X}$
$A,$ $B\subset R^{n}$ $\lambda>0$ $A+B:=\{a+b|a\in A, b\in B\},$ $\lambda A=\{\lambda a|a\in A, b\in B\}$
$\mathcal{X}$
$\mu$ concave





$3.5.0<\lambda<1f,$ $g,$ $hh((1-\lambda)x+\lambda y)\geq f(x)^{1-\lambda}g(y)^{\lambda}F_{r}(f),$ $F_{\overline{r}}(g),$ $F_{\overline{r}}(h)$
(1) (Prekopa-Leindler inequality) $\mu$ concave
$(S_{\infty}) \int hd\mu\geq(S_{\infty})\int fd\mu\wedge(S_{\infty})\int gd\mu.$
(2) $f,$ $g,$ $h$ integrable $\mu$ quasiconcave
$(S_{\infty}) \int hd\mu\geq.(S_{\infty})\int fd\mu\wedge(S_{\infty})\int gd\mu.$
$f$ $g$
Wu[21]
$\star$ : $[0, \infty]^{2}arrow[0, \infty]$ 2








3.8. $f$ : $g$
$\varphi^{-1}((S_{\infty})\int_{A}\varphi(f\star g)d\mu)\leq\varphi^{-1}((S_{\infty})\int_{A}\varphi(f)d\mu)\star\varphi^{-1}((S_{\infty})\int_{A}\varphi(g)d\mu)$
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$\varphi(x)=x^{s}$ Agahi [1] Minkowski
3.9. $f$ : $g$
$((S_{\infty}) \int_{A}\varphi(f\star g)^{s}d\mu)^{1/s}\leq((S_{\infty})\int_{A}(f)^{s}d\mu)^{1/s}\star((S_{\infty})\int_{A}(g)^{s}d\mu)^{1/s}$
$\varphi(x)=x$ Mesiar[12] Chebishev








$L$ Distributive $a\wedge(b\vee c)=(a\wedge b)\vee(a\wedge c),$ $a\vee(b\wedge c)=(a\vee b)\wedge(a\vee c)$
$L$ Complemented $a\in L$ $a’\in L$ $a\wedge a’=$
$0,$ $a\vee a’=1$
Boolean Lattice Distributive Complemented
4.1. Boolkean Lattice $L$ $P\in L$ $\vee$ -irreducible $P\neq 0,p=$
$x\vee y\Rightarrow p=x$ or $p=y$
$N\subset L,$ $a\in L$ $a=_{p\in N}p$ irredundant $p0\in N$
$_{p\in N\backslash p0}p<a$
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$_{p\in N\backslash p0}p=a$ $Po$ superfluous
$a\in L$ atom $a\neq 0,$ $e\leq a\Rightarrow e=0$ or $e=a$
$L$ $X$ $L$ $\mathcal{P}(X)$
$X:=\{x_{1}, x_{2}, \ldots, x_{n}\}$ $\mathcal{F}:=\{f|f:Xarrow L\}$ $A\subset X$
$1_{A}(x)=1$ if $x\in A,$ $1_{A}(x)=0$ if $x\not\in A$ ,
L





4.3. $f:Xarrow L$ $L$ $S_{\mu}(f)$
$S_{\mu}(f)=\vee(r\wedge\mu(f\geq r))r\in L$




4.4. $f,$ $g\in \mathcal{F}$ $co$-include $\alpha$ $\{f\geq\alpha\}\subset\{g\geq\alpha\},$
$\{g\geq\alpha\}\subset\{f\geq\alpha\}$
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4.5. $f,$ $g$ co-include
$S_{\mu}(f\vee g)=S_{\mu}(f)\vee tS_{\mu}(g)$
$S_{\mu}(f\wedge g)=S_{\mu}(f)\wedge S_{\mu}(g)$
4.6. $I:\mathcal{F}arrow L$ $L$
$\mu$ $I(f)=S_{\mu}(f)$ .
(1) $I(\alpha\wedge 1_{X})=\alpha$
(2) $I(\alpha\wedge f)=\alpha\wedge I(f)$
(3) $f,$ $g$ co-included $I(f\vee g)=I(f)\vee I(g)$ .
Marichal Lattice Polynomial Function
$X$ $:=[n]=\{1,2, \ldots, n\}\mathcal{F}:=L^{n}$ $:=\{f :[n]arrow L\}$ Lattice Polyno-
mial $LP=\{I:L^{n}arrow L\}$
(1) $pr_{i}(f)=f(x_{i})for$ all $i=1,2,$ $\ldots n$ $c(f)=c$ $LP$
$pr_{i},$ $c\in LP$ for all $i.$




(1) $S\subset L$ convex if for every $a,$ $b\in S$ every $c\in L$ such that $a\leq c\leq b$ , wehave $c\in S.$
(2) $I$ : $L^{n}arrow L,$ $n>1$ has a componentwise convex range if, for every $a\in L^{n}$ and
every $k\in[n]$ , the unary function $I_{k}^{a}:Larrow L$ , given by $I_{k}^{a}(x)$ $:=f(a_{k}^{x})has$ a convex
mnge.
(3) $S\subset L$ $I$ $S$-idempotent $I(c, c, \ldots, c)=c$ for all $c\in S$
(4) $I$ idempotent $I$ $L$-idempotent
(5) $I$ strongly idempotent $I(x_{1}, \ldots, x_{k-1}, I(x), x_{k+1}\ldots, x_{n})=I(x)$ L-
idempotent
(6) $I$ $P_{\wedge s}$ homogeneous $I(c\wedge x)=c\wedge I(x)$ for $x=(x_{1}, \ldots, x_{n})\in L^{n},$ $c\in$
$S,x:(c\wedge x_{1}, \ldots c\wedge x_{n})$
(7) $I$ $\vee S$ homogeneous $I(c\vee x)=c\vee I(x)$ for $x=(x_{1}, \ldots, x_{n})\in L^{n},$ $c\in$
$S,$ $c\vee x:=(c\vee x_{1}, \ldots c\vee x_{n})$
(S) $x=(x_{1}, \ldots, x_{n})\in L^{n},$ $k=1,2,$ $\ldots,$ $n,$ $c\in L$ $x_{k}^{c}:=(x_{1}, \ldots x_{k-1}, c, x_{k+1}, \ldots, x_{n})$
(9) $x_{1},$ $x_{2},$ $x_{3}\in L$ med$(x_{1}, x_{2}, x_{3})=(x_{1}\wedge x_{2})\vee(x_{2}\wedge x_{3})\vee(x_{1}\wedge x_{3})=(x_{1}\vee$
$x_{2})\wedge(x_{2}\vee x_{3})\wedge(x_{1}\vee x_{3})$
(10) $I\in LP$ median decomposable $I(x)=med(I(x_{k}^{0}), x_{k}, I(x_{k}^{1}))$ for all $k=$
1, 2, . . . , $n$ .
(11) $P_{\wedge S}$ ($I$ componentwise $\wedge$homomorphism)
$I(x_{k}^{a\wedge b})=I(x_{k}^{a})\wedge I(x_{k}^{b})$
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(12) $P_{V}$ ($I$ componentwise $\vee$homomorphism)
$I(x_{k}^{a\vee b})=I(x_{k}^{a})\vee I(x_{k}^{b})$
(13) $I\in LP$ horizontally $\wedge s$ -decomposable if, for every $x\in L^{n}$ every $c\in S,$
$f(x)=f(x\vee c)\wedge f([x]^{c})$ ,
$[x]_{c}$ the n-tuple $i$ component $xi\geq c$ 1,
$xi$
(14) $I\in LP$ horizontally $\vee s$ -decomposable $x\in L^{n}$ $c\in S$
$f(x)=f(x\wedge c)\vee f([x]_{c})$
$[x]_{c}$ the $n$-tuple $i$ component $xi<c$
$0$, $xi$
$LP$
4.8. [5, $llJ$ Let $I\in LP$ .
(1) $I$
(2) $I$ $\{0, l\}$ -idempotent median decomposable.
(3) $I$ $P\wedge$ strongly idempotent range $L$ acomponentwise convex
range.
(4) $I$ non decreasing, $\bigwedge_{L}$ -homogeneous $v_{L}$ -homogeneous.
(5) $I$ 1-idempotent, $\wedge L$ -homogeneous $hor^{l}$izontally $\vee L-$decomposable.
(6) $I$ $0$-idempotent, horizontally $\wedge L$ -decomposable $\vee L$ -homogeneous.
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(7) $I$ A $L$-idempotent, $hor’$izontally $\wedge L$ -decomposable horizontally
$\vee L$ -decomposable.
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